TRIGONOMETRIC RATIOS AND IDENTITIES

MEASUREMENT OF ANGLES
There are three systems for measurement of an angle:

1. Sexagesimal System or English System In this
system an angle is measured in degrees, minutes and seconds.
A complete rotation describes 360°.
1 right angle = 90°, (read as 90 degrees)
1° = 60’ (read as 60 minutes)
1’ =60" (read as 60 seconds)

Centesimal or French System In this system an
gle is measured in grades, minutes and seconds.
1 right angle = 100% (read as 100 grades)
18 = 100’ (read as 100 minutes)
1" = 100" (read as 100 seconds)

Note: 1’ of centesimal system # 1’ of sexagesimal system
1" of centesimal system # 1" of sexagesimal system

3. Radian or Circular Measure A radian is a constant
angle subtended at the centre of a circle by an arc whose length
is equal to the radius of the circle and is denoted by 1°.

ZAOB = 1 radian.

This angle does not depend upon the radius of the circle
from which it is derived.

Note: Radian is a unit to measure angle and it should not be
inter preted that w stands for 180°, w is a real number whereas
n¢ stands for 180°.

Remember: T radians = 180° = 2008,

Relation between Different Systems of
Measurement of Angles

10 9
LS S g 2
1 9 grades ; 1 10 degrees

10 = _E_ d . 1 d = _1_8_0 d
180 radians ; radian - egrees

18 = L radians ; 1 radian = & rad
200 fedians; 1 ra o Srades.
Thus if the measure of an angle in degrees, grades and

radians be D, G and 0 respectively, then
D G 0

180 200 =
RELATION BETWEEN SIDES AND INTERIOR
ANGLES OF A REGULAR POLYGON
1. Sum of interior angles of polygon of » sides
=(2n-4)%x90°
2. Each interior angle of a regular polygon of » sides
S 2n—4
shon
FUNDAMENTAL IDENTITIES

1. sin?0 + cos?0 = 1 or cos?0 = 1 — sin’0

x 90°.

or sin%0 = 1 — cos®0
2. 1 + tan?0 = sec?® or sec’® — tan’ = 1
3. 1 + cot?® = cosec®® or cosec’® — cot’0 = 1.
Note: Since sin’ + cos®0 = 1, |sin |<| and | cos8 |< |
= -1<sin6<1and-1<cosb <1;
0<sin?0<1,0<cos’0<1.
Since cosec © = 1/sin ©, cosec © = 1 or cosec O < — 1
Also, since sec 0 = 1/cos 0, sec0 > 1 or sec 6 < — 1.

Sign of Trigonometric Ratios

Quadrants I I I v
Trigonometric
Ratios
sin, cosec + + = =
cos, sec + = s +
tan, cot + = + =
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Domain and Range of Trigonometric Ratios

Trigonometric Ratios of Standard Angles

Functions Domain Range Angles o 30° 45° 60° 90°
sin x, cos x | (— oo, ) [-1,1] T Ritios
i
tan x (—oo, oc)—{(2n+l)—2- ”EI} (= oo, =) siti x 0 % :/1—5- if_ 1
cot x (— o0, ) — {nm|n € I} (= oo, o) . 3 1 1 0
COoS X === e S
= 2 NT {2
sec x (‘“a“)_{(zn‘*l)z ”EI} (& oo, = THO] Ees) 1
tan x 0 N 1 - Undefined|
cosec x (——oo,oo)—{ 7 nel} (= o0, — 1JU [1, =) 2
cosec x Undefined | 2 2 el 1
2
SEE % 1 Nl 2 2 Undefined
1
cot x Undefined J3 1 ﬁ 0
Trigonometric Ratios of Allied Angles (their sum or Difference is a Multiple of 90°)

-0 90° - 0 90° + 6 180° — 130° + 6 270° — 270°+ 6 360°— 6 360° + 6
sin © — sin 6 cos 6 cos 0 sin 6 — sin 6 — cos 6 — cos B —sin 6 sin ©
cos 0 cos 0 sin © — sin 0 — cos — cos O —sin 6 sin 6 cos 6 cos 6
tan 6 — tan 6 cot 6 — cotB — tan 6 tan 6 cot B —cot® —tan 6 tan 6

n+l

Working Rule to Find Allied Angles

Case I. When the angle is n - i 9 Where n € I and 8 is
o . ~
(a) There is no change in trigonememc ﬁmcnon ie sin
remains sin, cos remains cos and tan remams tan,
~ Angle associated bec
(b) The sign is 'afﬁxed‘a
, the angle lies. '

Case II: When the angle :
mtegar and 8 is acute. ‘\
(a) The trigonometric fuﬁctmn 18 replaeed by its
~ ie. sin changes to cos, tan changes to cot an» sec
_changes to cosec and vme«versa .
Aﬁgle assemated becomes 0. ',
 (b) The signis afﬁxed aecordmg to the quadrant in thch f
_ theanslc hes
~ Note that the sign is aiways d@mded on the bams (}f
_ fhe operatmg functmn .

SOME USEFUL RESULTS ON ALLIED ANGLES

1. sinnr=0, cosan = (- 1)".
2. sin (nm+ 6) = (- 1) sin @, cos (nw + 6) = (— 1)" cos O

n—l1

= i
. (%+ej= (1)’7 cos9, if nis odd,

(-1)2

sin @, if » is even.

S e
cos (%H?]: (1)7 sin@, if n is odd,

(-1)2

cos®, if nis even.

ADDITION AND SUBTRACTION FORMULAE
1. sin (A + B) =sin A cosB + cos Asin B

2. cos (A + B) = cos AcosB —sin Asin B

tanA +tanB

l-tanAtanB

4. sin(A - B) =sinAcosB —cosAsinB

5. cos (A — B) = cosAcosB + sin Asin B

3. tan (A + B) =

% i i tanA —tanB
s 1+tanAtanB
cotAcotB—1
oA +B) =——
cotA +cotB
cotAcotB+1
S eoifA-B) - ———————

cotB—cotA
9. sin(A + B) sin(A - B) = sinA — sin’B
10. cos (A + B) cos (A — B) = cos’A — sin’B
11. sin (A+B+C) =sin A cos B cos C +cos A sin Bcos C
+cos A cos B sin C —sin A sin B sin C
or
=cosAcosBcosC(tan A + tanB
+ tan C — tan A tan B'tan C)



12.

13.

14.

15.

16.

17.

18.

20.

cos(A+B+C) =cos A cos B cos C —sin A sin B cos C
—sin A cos B sin C —cos A sin B sin C
or
=cos AcosBcosC(l —tanAtan B
—tan B tan C — tan C tan A)

tan A +tan B+ tanC —tan A tan Btan C

tan(A+B+C)=
i ) l-tanAtanB—tanBtanC—tanCtan A
tan(£+A _ l+tanA
\ 4 1-tanA
b1 I-tanA
e A :
tan(4 ) 1+tanA

sin(A; + Ay + ... +A)=cosA cosA, ..CosA
(8, =8;+5,-..)
cos(A; +Ay+..+A)=cosA cosA, .. cosA
(I-S,+8,-8,+.)
S;{—=S;+S85~—...
1-S, +8, =S¢ +...
where S; = X tan A, S, = Z tan A, tan A,,
S; = X tan A tan A, tan A; and so on.

tan(A; + A, + ..+ A)=

. sino.+sin (o0 +B) +sin (0 +2B) +... +sin (a0 + (n— 1) B)

sin (oc+(n— 1)%)

‘ (B
= ﬁ Sln(zj

Sin

cos 0.+ cos (o + B) + cos (a +2PB) +... +cos (o + (n— 1) B)
cos [oc+(n—1)B

sin—
2

TRANSFORMATION FORMULAE

Product into Sum or Difference

1.

2sin AcosB=sin (A+B)+sin(A-B),A>B

2. 2cosAsinB =sin(A +B)-sin(A-B), A>B
3. 2 cos A cos B = cos (A + B) + cos (A — B)
4. 2 sin A'sinB = cos (A — B) — cos (A + B)
Sum and Difference into Product
1. sinC +sinD =2 sin[CJrD) cos(C—D)
2 2
2. sinC—-sinD =2 cos(C+D) sin(C_D
2 2
: = =
3. cosC + cosD = 2cos(¥+D) cos(C D)
, 4 2
4, cosC—-cosD =-2 sin(C+D) sin(C;D)
sin(C+D)
5. tanC +tanD = ——=
cosCcosD
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sin(C-D)
6. tanC —tanD = ———

cosCcosD
. L sin(C+D)
sy i sinCsinD
g (C D = sin(D-C)
s sinCsinD

TRIGONOMETRIC RATIOS OF MULTIPLE ANGLES

(An Angle of the form n6, n c 1)

2tan0
1+tan® 0
2. cos 20 = cos’® — sin%0 =2 cos?0 — 1

1. sin20 = 2sin B cos O =

= 2
=1-2sin%0 = %
1+tan< O
L e 20
1-tan? @
2g_
e sl
2cot0

1
5. 1 + cos 20 = 2 cos’6, cos?0 = 5 (1 + cos 20)
1
6. 1 — cos 20 = 2 sin’@, sin6 = 5 (1 - cos 26)
1
7. sin 30 =3 sin 6 — 4 sin%0, sin%0 = 1 (3 sin 6 —sin 30)

) 1
8. cos 30 =4 cos°0 — 3 cos 6, cos>0 = 7 (cos 36+ 3 cos)

3tan0—tan’ 0

9. tan 30 = >
1-3tan“ 6
39—
10. cot 36 = cot 92 3cotH
3cot“0-1
3 n
11. cos A cos 2A cos 2%A ... cos 2" ~ 1A = M
2" sinA

TRIGONOMETRIC RATIOS OF SUBMULTIPLE
ANGLES

)
(An Angle of the form e D

. D 0 2tan0/2
1. sin® = 2 sin — cos — = o
2 2 1+tan“0/2
s 29 50 20 .2 8
2. cos B =cos 2—s1n 2~2cos 27171725m 5
20,
E 1—tan 7
l+tanzef'2
2tan 6/2 cot? %“ 1
3.tanf = ———~ = 4. cotO =
l—tanz% 2cot9/2
5 55 1+cos0 & ap (¢] 1-cos6
s BPSE——— ————— - =
S > > sin 5 2
6 1—cos6 0 1+cos6
7. tan? — = 2
= 2 1+ cos6 fis 2a€ 2 1—cos6
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1—cos6 0 1+cos6
——— =tan — 10, — =

0
sin® 2 sin® g 2

TRIGONOMETRIC RATIOS OF SOME SPECIAL
ANGLES

: J3-1 e
1. sin 15° = —— 2. cos 15° =
242 242
3.tan15°=2 -3 4. cot15°=2+ 3
le 1
L sin22 — =— (J2-42
5. sin > > ( V2)
1o 1 1o
6. cos22 > = (g + k) T i 22 o NE
8. cot225 =42 +1
9, sin 18° = —Ji_—l 10. cos 18° = M
4 4
11, sin 36° = l’;—N—g 13, cos36°= ‘/§4+1
13. sin 9° = '3+J§;' e
14. cos 9° = 3+J§Z S_ﬁ
is. tanlgﬂ:M 5
5
16. tan 36° = y/5-24/5

GREATEST AND LEAST VALUES OF THE
EXPRESSION

a sin © + b cos 6
Let a =rcos o, b =rsina, then

A+ 2= or r=+a?+b?

Then asin®+bcos® =r(sin B cos o + cos O sin o)
=rsin (0 + o)
But -1<sin(®+wo) <1, s0
—r<rsin(@+a)<r

or — Ja?+b? <asin®+bcosH< Va2 +b?.

Thus, the greatest and least values of a sin @ + b cos 6 are

Ja® +b% and — Va® +b? respectively.

SOME USEFUL IDENTITIES
If A+ B + C =m, then
(i) sin2A +sin 2B +sin 2C=4sin Asin BsinC
(i) cos2A +cos2B+cos2C=-1-4cosAcosBcosC
(i) tan A +tanB +tanC =tan Atan B tan C
(iv) cot A cotB + cotBcotC + cot Ccot A = 1

Choose the correct alternative in each of the following problems:

1 1
tan3A —tan A cot 3A —cot A

1. The expression

equal to
(a) cot2A (b) tan2A
(¢): cot3A (d) tan3A

1
2. IfcosecB=x+ Z— then the value of cosec 6 + cot 0 is

(a) 2x (b) —2x
2 =
© 2x @ - 2x
3. If3sin®+35cosB=>5,then the value of 5 sin ©—3 cos 6 is
(@ 3 (®) -3
(¢ 5 (d -5

4. If cos (0. + B) sin (y + 8) = cos (o — B) sin (y— J), then
cot o cot B cot y=
(a) cot.d
(c) tand

(b) —cotd
(d —tand
tanA+secA—-1 |

= h i
5. The value of the expression e v is

s tE' == ey e
(v)c:o2 cozTcoz—cotzcozco2
i) t —ét E+t Et £+t gt é—1
(vi) tan 5 an2 an > an > an > an 7 :
1-sinA 1+sinA
COsA ®) cosA
. COsA COsA
© I-sinA @ 1+sinA

6. Iftan?0 = 1 — &%, then sec 6 + tan®0 cosec 8 =
@ (1-¢)*? &) (2—2)R
© (-7 (d) None of these
[Based on IIT 1974]

7. The value of the expression 2 sin2B + 4 cos (o0 + B)
sin o sin B + cos 2 (a0 + B) is
(a) sina (b) sin2a
(c) cos o (d) cos 20
[Based on UPSEAT 1993]

8. The value of the expression
2 (sin6A + cos®A) - 3 (sin4A + cos*A) + 1 is
(@ 0 (b) 1
© -1 (d) None of these
[Based on PET (MP) 1997]



